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UVOD ief bust:

rebonstantrega
Def : Algebraizna krivulja je mustica micel/polinoma ~ arch sprementinbal.

kje leijo kofficienti ? v polju .
(D , R

, C)

le bije micte ? V polic K
, divreluge EDIRYPri has K= F = D

# polje ,
F(x , y) =Six : / Cijef , mineNy

?K - in poja K

Musica misel/polimoma JEF(x ,Y] je VIF) = ((ab)/ flab) = 0
Alg . brivwle so mu .

Oblike Valfl,
Primer : f(x , y) = x + y

= - 1 + Q(x ,y] za rele Jed(xy] , of Lebustraten

Va(y) = [()/m ,
ne

,
ne ele mich Pitagorejsbe trojice

#Lumina = 1

Vi(f) =
3x

V(f) =((a , b) + 4"(a+ b = 1) Opombai V kompletem primera mi posebre rarlike med
elipsami in hiperbolami.

npr. a= 100i - 10000 + b= 1 Hiperbob x-y2 = 1 potrorims o elipso x + (iy)
"

= 1

b = 10001

Ta musica ni omejera . (Rue so dobili brog-prejen ,
wo complete po dobis resmejers brivtje

Kdaj stu dre krivaji ekrivalentni ?

↓ Pri linearni alg . sus blasificiati krivule
axz + (bxy + cyz + dx + ey + f = 0

x + y
=

= c

&
(x-1)+y = y do ortsgonabe ebevivalence

(premi + vitez + craljenge/raztegrenenitor s
to are wista elipso , hiperbole , parable , (paril premis

2- ortogonals der

!

Nas bo zanimals afina ebvivalenca brimlj .
(knivulji encbisafins elrivalentil

vert . pr

Preslikava D : VTV je afina ,
de je ollibe Dr T (bompoitum translainin

linearne prestitare)
% : 4- (

- Kompositum duch afinite preslikar je spet afina predikara
Dokaz : Del = Lew + te Pale = Lew +te

(0200- )(v) = Pz(p, (2)) = P2(w+t) = 42(hw+ t
, ) + tz =

-
um(x

, y) = (5) =WitS



istemopodan
o

Pro Pr = ich

Luk = id = Ig (1)Afina transformacija je obruljiva afina preslibava . (bijektiva afin. pres) into t
o by

To valja ,
ze je L obruliva (det[] = 8) ujen invers petafina H = L=2

(2) =)= -,t
,

Trditer: A fina transformacija presiba algebraions brivulje o algebraion brivuljer

Dokaz: Naj bo 2 meka alg . brivlja , recime C= Slaible /flabl = 03 ,
in may bo

$ :2Dafinakavaxtransformacija ? Ex
, yl

Kaj je D(e) ?

P(2)= [P(a ,
3) 1 flaib=0]

Id= D- D= (P(a . b) ((f P
-) (p(a , b)) = 04
-

= (p(ai b) 1 (goD )(a , d) = 04

P
ofinDafina je up pla

Def . Due krivulji sta afino ebrivalenti
,

de obstaja afina transformacija, di eno

presita r drugo .

2

Primer afire elevivalence : Ankaj je elipsadevivalentia Krogn
P(i) = p(x ,y) = (

,
5) = (x)

, y) = (x , y) = (ax
, by

I
Ko sliking

unotice ,
suikamo s D.

Ko Mibamo Kay je D-2 ?Disne,-
P (x ,y) = (ax

, by) = (00
-

%)(x , y) = f(ax , by) =x+ y z- 1

↑ (e) = D(V(f)) = V If- D-= V ( x+

y
- 1) = enotska Kronica

Liz istin malegor je hoperbok ebivalente booitial

Usaka

i premica ja afino ekrivalentra ori x
.

Vaka brivai 2. stoprije
· CF8 = potem je x2 + [bxy + cy2 + dx + ey + f = 0 devivalentra brivulji oblike

y2 = Ax+ Bx + C

Bis c= 1 : dxz + [bxy + y2 + dx + ey + f = y + (2bx+ e)y+x+x + f +x+e)(+e)
=8

(ie c+ 1
,

delim ec vrinem

(y+ (bx +e)=+Bx + C

8) k, y) = (x
, y + 26x+e) preiba ~

· C= D: labb 2 afirs transformacijo obsever,

da je c+ 0 ( pod poojem ,
de je ving en od

a ,
b

,
c = 0)

· it a + 0 : zaneyius - in
y

· e ac
= 0, viamamo vitez e 45 :

x - x + y

y + x -

y

Primers P(x, y) =
( , x)

Y

#- + -



Afire algebraione imsoice in ujihore encribe

Unod ~: STUDYJENA LEMA Emulstellensatz)
veno

,
de poliam dobos brintjo, u babili men pa brivulja doban polinon ?

Glarm upraige : V kolikini meri alg . krivulja doban sugj polinom ?
v(x) = V(2x) = V(xY

... krivaja me doben enolians suojega polinoma

Lema : VIfg) = V(f) v v(g)
Deac: (a , bleV(fg) <=)(fg)(a , b) =8

=> f(a ,b) g(a , b) = 0
( f(a , b) = 0 ali glab) = 0

(a, b)E V(f) ali (a , b) = V(g) amijh duch alg-krivuly je
spet alg. brinjal

V(f) = V(f) <menischem Konstanta CED190]

V(j)) = Vif) WHEN

Kaj vems o kobbarju ((x , y] ? athobbarinendliche factori isthe
- nima debiteljer nica (VFD-unique factorization domain)

- imams lazcop marafaktorie /resancepre polinomes-

- nimamo isba o deljenja z Ortambom (mi erblidorega alg .)

Horej mi miti erklideki miti glaumi kobbar

Polinam je razcepen ,
ce ga

lates sapisemo lest product dreh metonat polimomor

Emotionant do (nemiceliega) konst. Jaktorja
j=... nin
kon Konst

ge ..... gr so rauno hi ..., he do Istega reda in do Konst. Jakt . Matarians.

Razcpimo polinom f na mercapre fattage

1= af.. fi merncepri , me Bust.

c renicaln
,
konstanten

2 = vifi = Vi... VIv ...
0 VI)=f) v ... UV)V(f ... (a)

--ebsistence deci in UFD, emslichost in Studyja rerazcepha

minimalmi polims

Defi
Algebraiona morica je merazcepra ,

de je enaba umozici nicel babega nevazcaprega
polinoma ,

Usaba krivulja do Konst . Jaktina natants doba sroj minimali polinom.



labacals se bo
,

da afina algebraiona mustica emotions /de bonst . fatta matamoral
dola

merazcepre fastage svojega policema

Opazimo : flg = V(f) = V(g)

f(g = g= kf
(a

, b) zV(f) = f(a , b) = 0 = k(a,b) f(ab) =0 = g(a , b) = 0 = (a ,b) = V(g)

Veploshem velja obrat te telitre. (relja po delen obrat te trditra = Studyjerne

Studyjera Ama : 12 je f reconstante in marazcepen in is V(f) =V(g),
potem flg fig +([x ,4)

Postedica : - reconstante => VIf/F EVsaka afina algebraiona brivulja je reprazna)
Dokaz: Recimo

,
da je VIf) = 0 in da je g merzcepen faktor od f

upr.itg* =st protiesa
[x

,g)

24. 2 . 2023

Postedica : Je je VIIEVIg) , potem so merazcepui faktorje f podmozica merazcapwih
faktorjerod g.
(ie VIfl= V(g) , poter imata f in g

inte
mesancepne faltoge

Dobaz: Recimo, da je h resacepen factor od f
ulf = val=V() (=via)Vig)hlg =>h je nevancepen fultor o

predposturba : V(8) EV(g)

Defi Krirulja 2 je stopije m
,

ze je rjon min . pol st . M.

PRIPRAVE NA DOKAZ STUDYSEVE LEME

Poste: Definiti bor resultants dreh polimmar in dobasali
, da je resultanta y

=) polimoma imata stepen mekonstanten faktor.

Imano dua polimoma is Alt , lar jabbar ([x ,]=](f
=

gx
m

+ a
,
xm- +... + am

g
= box + b

,
x +... + bu

y



n- 1 nicel
Resultanta polinesmanmet in a jeex

z

au a... am O ...

J
M

det =
8 as a... am -- g I
g

beb. .I
g

·Ji
To je element A ,

Gmaka : Rf , g det =0=> vritica resovigre
VELSA SAMo MAD POLsI] &[x.] M POLSE]]
Je pa cel Kolobar, cato da latlo vrestmor paye

brak : Naj boota f ,gery]· Nasledige traite po elevivalente.

f = Goxm +... + am

g
= box +... + bm

(11 Ry, g
= 8

Obstitu take polimoma 4,
t

,
do i 42+=firdegh cause~

in degtr < degf nista oba mi

137f in
g

imata stupen nekonstanten gaktor.

polje
Dobal: (11=/: rustice Ryg so limearns odvisue mad A

----

Crajprej mad poljem Member ed A)
Vrstice latke identificinam s polixsmiglg det

1. vistica- Gox
m +n - 1

-> anxm
+h-c

+... + dmx" 1 1. 4
,

Leristica - @Xmth-2 + de xmth-3 +... + amX
n - 2

14
: !

mith rustice -- aox* + anxm- +... am 1. an

m + 1 vistica -- bo xth-1 + b
,

+
m+ -2

+... + bath-v/Be
"

m + m vritica =+ b
,
xh + by x + ...

+ bu Im
obstajajs taki di

, Bj ,

da je :

0 = c
, (axm +h -1

+ a
, xm

+h - -
+... + dmxn) +... + ((aexm + anxm +...

+ am) +

+ Be (b. xm
+ h --

+ b
,

+
m+ n - 2

+
...

+ bath
-

V + .. .
+ Bu(boxh + b

,
x +...

+ ba) =

= -xn
- 1

f +
...

+ xnf +

B ,
xm

-

g +... + Bug =

= k. xn +... + (n)f + (0 ,
xm

-

+... + Bm)g =

= 48 + trg deg4In-14 in tr misth oba mic

deg tr =
m - 1



(3) (=(2)
------

-= Recimo
,

da innta f in
g skupen metonstanten mesarcepen

-

----

factor h
=> f = Jeh , g

= geh za muka ferge
=> gef =f eg= = be g

degl = degg , < dog
r

= degtr = dog f, degf
-

gif = E Sit = g
.2

E3_: yf + trg = 2

=> ye = (-w)g
Ye it f in

g trygt a=> degg =degY
* deg4 < degg * deg4 def

Tori f ina mist tip => 1)

DOKAZ STUDYEVE LEME

lik: V(f) - Vig) in f reconstante
, meraccepen

=> 11g
Dobal: f , g -

&[x , y]

f = a ,
xh +... + am do ....,

ame([4]

g
= boxh +... + bu b ......bu[y]

f nebonstantan po predpostachi m = 1

[primer: f =

y je resistantan or DSX7] ampah bortanten or A[x]
- x in y#

z morebitus zamejano sprenentjirk obsciemo ,
da

je M21 . i'
Ker je a

s
70

, sbrthja tak yet K ,
da velja do (y)8

Dimeipolim(y)x* + .. -

+ am(y) = ((x)

gyo(x) = g(x , y) = bo(y)xn +... + bu(y) + ((x]

Trdimo, da imata ta dra polimoma stupen reconstanten fattor.
Vor je dolys # 8 in M71 ja fir mekonstanten polimom ~ ([x]
Ento via

po
orivram invela algebre usaj eno mid

,
recimo C.

fig) po pudpotar. .
Tor 0= g(4yo) =

gy .
(a)

Torej je
uporabies indenfactors gene
Dobinno R8y 1 96.78 In Yyo ,

bi radostage gly)+0.
Il

def (olyol
...

anlyol) = det
90)-- -

anc)))= RoslyaI



Resultanta As19 je polimam ~ y ,

bi ima nico n
valem

yo ,

ki cados

do(ys) + 0
.

painom

Tory ina 28.9 neebrous with in je sato identiary anal 0.

Spet parabins varie o resultati . Dobimo
,

de inata f in a stupen reconstantan
faktor. ~A[x]

4 to beat 2n A= D(y]
ver je f memscepen ,

odtod sledi
,

da flg.
potpedpostabi IttorygShe

e
faktor f in a each of



PROJEKTIUNO CAPRTE

Bistro: Bezontor izrek

Def: PROJECTIVNA RAUNINA

Naj bo K polje Impr. K = ()
.

Afina varmina = K2 : = ((9, b) /a , beK]

Projectivemoninadpremice ~K3 ,

bi
gredo elosi irhodiste.

= projectiona toche

---- samo rarmaa
so pomembra*

-

Projektive bordinate projective trobe so [50 :

yo
: 2 .]

Kab si projectiv varmin predetarlam ~
2D ?

1. metoda : Identificins mesproti lette toote na enotrhi ser stopological
delaja ca K = R (renba premira scos illoditas dolin due antipatin to si na eferil

c . metada : Narises armins z= 1 in gladas presale premic s to varming.

afini model,
Z

deluje 2 UK (a,
b

, c) [a : b :c] :: 1 - (,

F
Toika Stay o Uba varing z1 ~ tri dina

Problem premise ,
bi so reporedre a rarmie z= 1.

tempranianrecent
to ~ merbndesti in jih more din

proj rmina :

K2

Topupeerhin prinaa matt

JoppodwihPremizvafinirrmin je projektinaa b c

Torej poricted : P(K) = afire trike U toids or a



2
.
2 . 2x23

PROJECTIVNE PREMICE

Prodstavyamo si jel bot armine e 123
,
bi

guedo dessi intodisce.

Enaba projective premise
= enaiba varmine dessi irhodise

axtby + az= 0
, bjer a

,
b

, c
miss vi

= (ab , c) je normala na varmin

Kako si predetavljams projective premise ~ CD ?

sterious : to so glarmi Krogi enotshe ofere

z = 1 Kabo in

projective premile dobimo premiss v z ?

-- Sebams raunins ~ 13
,
bi

que eboci ichodise z

ravnino z= 1

Projektivna premica E= 8 we seka afine varmine z = 1

= projectiva premica u medeosomesti

Protectiva premica ,
li

que
stori dami projectivi tocki (a : b : C in (die : f)

...

~ Katern tota so esplarane e
thi diesiritran

mejami prod.
mour bit =8

·

[d: e : f)

S

...
ima enco det[b

Preset durch v ektivmi raunim
premis prof

ax +by + cz= g dx +

cy + fz = 8

vestora zumotimo normali 19 .
b

, % in (d
.
e

, f).

PRIMER UPORABE

Propelcija is toohe ma promis
· 500 : 1)

a je projekcip & Liz S map)
-

= kid

p = z=0

Enaiba premise Mori S in Q.

Sekams0 = act(1) =

ny-. premisa
,
8) + 10 ,

0
, 1)

s premie t=0
.

Y
(a: b : 3)
-



PROJEKTINE ALGEBRAINE KRIVULSE

Def
Polinom Fel(x , 4 , z] je hongen ,

de so voi ijegori monomi inte stoprije.

mpr . x*y" + XP+ xy je homogen , stopige 6

Oba: Eu val homogeni policem stopia d rela -
lahks bi useli tudi

#(x
, (y ,

yz) = y9 F(x
, y , z) za He

tore def

ke: F
,
G

,
H homogeni polinmi e X,

4 ,
7.

8 . g ,
h polinimi e X,

Def : Projective troka (9 : b: 2] je micla homogenega polinoma Flx , yiz)
,

ie relia
F(a ,b , c) =0

.

Early it toabredefimes F (a ,
b

, c) = F (d , 8)

W #

7) *0 .
d=xa

,
e = +b

, f= +c = F(d,
e

, f) = ya F(a , b , c)

Je Laib: mich F
, potem je tudi (die : f) Mick F.

Mussico with projectivit nicel danega homogenega polinoms Fornaximo z Valt).

Va (f) = G(a: b : c) / F(a ,
b

, c) = 04

Protections ramming amacimo - P(K)

Podemotico, I projective varmine je projectiona algebraiona brivulja, de obstaja
tak mebonstanten homogen polinom F , da je 2 = Va(F).

Kakina je Lveza med projectiviti in afimimi alg . Grimejami ?

=- -x+y =z
Dehanogenicacija homogenega polinoma

zen
FiXy1 F(x, y ,z) fix ,y) = F(x

, y , 1) projetation

Homogenizacija polinsma
f(x ,y) F(x , n ,

z) = z08f/E, ) a fine prop

npr . Ex+x +A- -(E) +E + E + 1) =

12 8.
To +Exz

um 22 8: z8ozhomogene komponente od f



Imans vbsite afine raumie or projections :

i : Q > Pr(d)
(n)11 [x :

%
: 1)

Kaj vbitter ; priceo brinjami ?:
· Naj bo C = ValF) projectiona alg . brivnin (nP2(c)
Pripadajoa afina alg . Erimula (vi) je potem

i-(2) = ((x ,y)/Y =(kity =Y = VC
-

1(x,y) dehomogenisian

·Reims
,
da je 2 = V(f) afina alg . brimmin (o (2)

((k, y) + ( (f(x, y)=04

i (e) = (i) /yay) = 0 y = C(E : E : /f( , ) =0 , + 04
11-her zf

(x: y : 1]
= ((xin :)/fEl = 0

,
z+01

EG(x : y :z](z0stf(, )= 0
,
z+84
-
F(x

, y , z) homogenizacija

= (k : y : z) (F(x , y ,
z) = 0) n(( :

y : z]/z +3] - to ni knivulja--
konine to she v

↳Valf projectivi varmini

projalg . brivnja
Problem : i(V(f) je podimtica (F), mi mujns enado.

i (V(f)) = use bonda tocha e ValF)

Naj bo f homogenicacija od J. Poten provino , da je Va(F) projective zaprised VIf).
Katere the ~ Varay(F), GeFomogenicipd tpravim brila

Ek G menomoneprojective tribe
w Val

Velja: Va(F)l : (2) = Ve(t))(Va(F)e9(x ::) T= =

-

⑫
=>mipade me linear
-

-
homogen polinem stopiza d v X

, Y
a S

= xfa(1 ,
z) = x(k - c)m ... (E -2)m =

Ya
= xd - m ...

-

ma(y - a
, x) ... (y -4xx)m



m

n8) [1 : C : 0]
[0 : 1 : 3)

#setekiIn pFhomogenizaja od J , pota je projective capitit

= i(V(f)) ukkonan mus take

#mer: x-y' = 1. Isieus projections reprie .

= Va(x2-y = - z2)

Homogenicians x
- ye = z

kay so volucie toice w Valxytl !-> XIy = 0

(x :

y: D) (x2 - y z= by = G( : 1 : 03
, 4 : = 1 :9)}x

ze te dus trari dodamo le tisti hiperboli
dobims proj zaprtie
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PROJEKTUNE TRANSFORMACIE

Redi bimipli bordinatSistem v projektirni vanii Ra

13 > 43

* A A obruljiva matriba
-

det +0

jeinditpaninihodie,potemeda
Mosi irhodiste.

Polacali smo, da je preslikava
0 : (x :

y
: z)

dobro definiana I-+autanartattayaaprojective transformanija

k(f)
Il

Je
I Projektivnabrinja ,

me canima
, kaj j D) aka V kaj preslib pro,o

transformacija proj

4) (2) = [p(c : b:8)
= 0 alg . zirutyo ?

= ((x :

y
= z) ((5 op- (x, y ,z) = 04

-ValDj tudialgebraiche kriveaun

Pri ilbiranja koordinatrega sintema ~ projectivi varini nam pomaja
Lema o itivit trikah

S

Je p.. pa , pa , peePalk) nu aphoshi legi Imbera tri me levijar ma isti premisil
In g. , 92 , 92 / gDeP(K) ~ uphini Logi

potem,obtija take projectiona transformacija D : P(k)-P), da le a

ba: Projective transformacie trorij grupsa komporitum .

Torej se latiks smejims ma bonbretra
ge , g2 , 93 194

#pomba: Oparimo , du so tribe
**

11: 0 :070: 1 : 8),10: 8 : 17 in 11 : 1 : 1) v apbini legi
Liaraday Airi 3x3 determinante)

reswjs bit = O



Holazi

Omejino se no primer Dat
gr-,24

Najprej Pristims proj . transformacijer ,
li slika :

[:Yc : z)= pz +e (0 : 1 : 9)
[x : Ye : t]= p++ [1 : 0: 02

i[t3 : yz : +3)=py 0
: 0 : 1)

~ to istemo

(74 :
yu

: tu) =

Pure (a,
b
, c)

deft0 bar pe , prips el larija ma isti

projektivni premici

Pr . ... pu so er apbiri legi (1 : 0 : 02
,

10: 1.8) ,
10 : 0 : 1) ,

Lab , a) so ~ oppisi legi
P transformeije
[bijektirna)

obrubiva

det[
det[0

de 0 =

(4 :
yu

: tu) =

Pure (a,
b
, c)= 4 ,

1
, 1)

Prelibera (x :
y
:)-( : 5 :)

potem presiba :

[a : b =c] [1 : 1 : 17
21 : 8 : 07+ [ : 0 : 0

[1 : "0 : 07

(0 : 1 : 0) - (0 : 5 : 07
II

[0 : 1 : 8)

[ : Ye : ]= p+ [1 : 0:03 (1 : 0 : 0)

[:Y : z]== +e ( : 1 : 9) + (0: 1 : 9)
[t3 : Units)=py 0

: 0 : 1) +o 10 : 0: 1)

(4 :
yu

: tu) =

Pure (a,
b
, c) + 11 : 1 : 12

Naredim Komposition obeh proj . transformany:



PRESER DUEH KRIVULS

Kal icraimams vsa preisin duch brivwly ! 2 metodi

1to je mad o Becontor ined
,
li man da occus z sterilo presetivi)

implicitus

Hija: Ens krivule parametricias ,
votavis or tenribo dinge brive in resis doblems

encio. Dobis redusti parametron, ki dolcajo presesisa.

dobrdelrepreneu prepare in Linda

param.

Aida: Pomagamo si z resultantami.
(a ,ble V(f) - V(g)

f(a , b) = 0 in g(a ,
b) =y

=> fla , y) in gla,y) imata stupus mich ( stupen linearon factors
i) Najprej izracunams Ry , g /glede may 2

ii) Potem resimo Cachs Reg = 0 in dobimo recimo reiter a

iii) Izmamas with od flays in glasy) in ngotoris ,
Kateri somite od obeh.

&pomba: Je imata polimoma fig stapen redsnstante factor h , poten hif in hlg
=> vie)[V(e) in Val = VIgh
=> VIh) = V(f) n V(g)
venes

,
da je represen , ampad lable dobazeno,

da ine recessing tab

Bert in man pre damaproteprimern (bsk
in, , a

PREJEK KRIVULE IN PREMICE

Imano Krivlje e = V18) in premis (

&
la ,

by smemi relator

-
Premis majprej parametricitamo :

x=x
,

+ at

y = yo
+ bt

To

min,ph Robili s plimous enaib to a

lopazimo , da je degg date se zig odage

Te so te , ..., the resitu
,potem so Kotati , yottil indana presesisia in sterilo prerecise

5t.

prese= gltt=8-degg=f = degedegh Critica Benoutrageal

Predpostajamo ,
da LF2 = gE0

in get potem je premica rebovana u trivulji e so presecis
Je polinom z L deli polinom ze f ,

imata Lin VI8) mespnius presedis.



Ali latio definiramo rebrantrast presetia tab ,
de no vista restratiosti vich

pressive enaba deg2(=degt
· degh)

~>Kotati , yo +btil
_

recbratmast ti bot with gift
Ideja : rethratist precisa = reabratmost (t-ti) o gle)-

problem : both reiatrosti = degg(t) bar ni majns enab degf . (ahto je deggelege)

Ibaie R
,
de th problem ingine ,

ie upostero tudi to de ~ Intodelineentit
Postusimo marediti into se projectiv

~ homogen

Naj bo C = Vn(F) projektivna algebraiona brivulio in t Projektivna premica.
L&#

Nayprej L parametrisiramo
L= ([X: y

: z]
,bjr = san + tan

lacbs , (2)
.
slanbe , cl + flaniba , cl y

= -b +t b

t = 54 + +C4
To vstavims v enacbs bridgeican b.e
0 =F(y , z)=Can + tan

, Sbottbs ,
set

Kaj vers o glot ? bals toremo ?
2) degg = deg F -glarnaraclibecafinim primerom

2) glo ,
it je homogen polimom ~ duch spromenjinkah.
Luoi monomi v sit so iste stopujel
g(o ,

+)= 0

!
Ker je glo,t homogen , raspade na lineare jaktoe.

Torg ina Zoning micel (Snitu], ..., [sitr)
Itali definivans Audi rectratrosti tel micel not stopige natremit linearth faktoger)
Vetratost pression (Sia + tian

, .... ) poten definis bot recuatrost miche (Siiti]
Tobrat pa velja :

both recratisti preexis
= vooth veieratroots rech mid od gloit
= deg g( ,t
= deg F(X , y ,z) = dege= deg 2 degl

Recime : glat) = Let' + 45 +2
+ 2 st = 2+(t + ( st+>) = 1st (s++,

2

in proj mi /As factor dobic end

*In
dis drojna



BELOUTOV ILREL : UVOD

Zanima nas preseta drel krivly. Privamento, da sta pripadajoca polinoma
Thija ,

sicr unamo mesinien preset .

Zanima mas
,

balib toik je - presen
.

Ideja : (f = 03 n [g = 03 ima degf - degg presenic pod pogojem,
da uporitaram

tudi presedisia ~ a in recentrant presetija ustrezno definiramo.
ficer imams [degg. degf presets

Berouter icrek /projectiona verzijal
Naj bosta F

, G E(/X, y ,
z] homogena nebonstantia polinoma ,

bi ninata skprega
nekonstantnege jektorja

bme
ce primerns definiramo vecerationt presesia , potem je vota vibratiati vich

pressio enaka degf .

deg G

G(x, y ,
z) = 0 Resta (glede ma z) je polirom ~

. Y.

i
Sky

! f(x , y)=0 F(x, y, z) =8

flo, y) in g(xo , y) imath skupoi faktor ly-yo)
> tore je njuma resultants enaka 8

Recept a minhanje presenc
:

1 komk : Izraamay resultantsf in
a glede may .

Dobis Rfg()
↳ . kork : Poisti micte Righ,f,g(x =2

3.Korak : Poisti sempre micte f(x0 , y) in g(xo ,y)
Ideja : Vettratrost prestin = stopia nice to o Reg
Opomba : Jebimefigshneptemberinging vodedpostard

Rest a Iglede ma z) je polinom ~
, y.

Tras je pokorati , da je ta polinom homogen in inminnati ijegoo stopijo.
d+ m
-

F(x, y ,
z=/zm + a)zm-

+... + am(
, n)

G(x , y,
z bo(+ ,y)z" + byl+...um

e e + n

I
nokin) arttanix :::

I-

Rese
,
3(x, 4) = det

boky) bakin ?": bikingankys
....

bokin) bi(x
, y . ...

"

bulx
, y

def = d+m , bjer je d=dega ,

deg6
= e + m

, bjer je e= degb .

Pobarali boro
,

da je Resta homogen polirom stopije
degf .deG-dega; depb.

= (d+m)(e+ m) -de = mu + an + me



vsturias

: Dobenjam
: RF (TV ,TY) =TuutautmeR

,
g(t,4)

-e+1relibi xinn
? Tasky) T

**

anky)....... Ta
+

mamk , y) I

Rest
,
a
(TX

,Ty) = det ↑&as K , y) Thanky) - - - -

.. Tdamkin) Teth

I Tdimmy)Teboly) +e
+

b
, (x,y) ....

- Tebaky)a
&

-

↑ i
To bok , y) +erb,K , Y).

-- -
-

- Te bukn) Tarm

Idija : Pomnozi vistice a potencami + tab
,
da borns imeli znotray posamnih

stolpcer evale potence
T

.

↑ e +1

+
e+ h

...

+
& + h
+

d+ 1

+
d+m

PerF&TTY1 ,The+md+m) Realty

= def
Tate

+ e

do Tate
+

2 a
,

. .
. -

.

-
Taxe

+ m +

am

+
dee + Cas Tatet- .

. . -
-
Ta

+e+ m + 2

am

... -- =I I

&

-

-

--

-

-

-

-

I I/is easTaxe+16
,

+d+1 + 2 b
,

--- -.

Tatetmen bu
+

d+e + 2

bo - -

-- . - +
d+ + n+

bu

- -

- (m+ n)(d+e) +

(m +n)(m+n +1)

= Td+e + 1
+
dye + 1

+a +e + m +h

Realty- 2 Rakiy]
legastopca importarimis T-je

(m + u/(m+ n + 1)

(m+ h) (d+ e) +
2

- he-hin+1-md-m &und +me-ud+ +
m+ mu + -+ um++y -x-

N+--m =

To rej : degRia = degf . deg G

2-=methotma = (m+

/Intel-deaUsoTa

Ending velja= dega.
degbo =0

- d + 2 + 1 + (a+ e + 2(x
..

+ (d +e + m +n)

BELOUTOR IIREK : DOKAZ [f(a+ e)(n+ 2) + 1+ 2 ... +m+)

Skica :
·

S = (: 0 : 1)

-~Not · 6= 0

↓
-·

(x: yo : 0)



PRESTEINS PRESECIJIA :

Najpraj izbereus tots- ,
hi ne li miti na F= 0 miti ma 6= 0.

All Taka Toda spiorobrasa: Valf)uVa(G) = ValF . G) =UK = F . G=0 =F=0 di G= O*
- cela proj.

romine

Potem iberemo setalpremis L
,
bi me gre eloci S.

Sbosi vials prestit polegram-Acemics ,
bi
gre tade shoris in to premis relamos promis

E presetiza projeciam in Smah)

Dikanati moramo disjei
ma vsabi promisi je

al Na vsaki promisi obosi s je breama bonoo mogo presetija) bonous preexis

6) proplij precisi it s ma L j bonous
. Ypremic p boni

Je las neduzi , poten je na
meli premici elonis resessions mmogo

pressive .

=>In premise ka F = 0 or 0 tookah in G = 0 v so tookah.
=>Ta pramica je urabovana the o Va(F) bot ~ Va(G)

polinm odte premce del
tubfa

Dokazigems b) :

Naprejinbee
bordinati sisten tabo, da vejas = 100is

= premise o

Lama o stirth toibah
Vsabe tocka (o :

yo : 8) ma
h
je projecija enega ali

nee preexist eblide Go :
yo

: z]

ljeustory trbe toke (50 : Y : 0.) zn katers obstige tak z da je F(xay, z) =G(x
, % , z)Rg(4)=0

Torej je (0 , yo) with of RF
,
g(x , y)

M

homogen polinom deg RF, z
= degf deg G

pokatimo C,da ima enccba RF
,
aliy) = > bonow resiter

Vsak homogen polirom wo soch spromentjikah raspade na linearne factore
in usak linearen factor doloi medo projections to%.

F , G tija = RF,# => R
+, a

boning proj mic =>mal je konano projekij pressive
ber ste F

, G homogena => RF
, G Homogen => RE

, a varpade na

bin
. Jaktrge Sbzi

To detail too (b). (0 ,
9

To je bil abaz (1) tooke Benoutorega inveba.



Doban KI tooke : podobem doban (1) take
,
edims san bilj providin pri izbins.

Sinberemo tabo
,
da ne li miti na F= 0 miti

na G=0 miti ne mobeni

premise shosi dre pressi late mo prej rabli dobased de ja precedi boui)
S smo irbrali tabo ,

da je ne vsabi premici sams eno presedisa. Tory vsado ,

mich Ris dobia sams eno presence.
=> # previse degR=a = day F - deg G

Ori (1 tomni rabimo, degRF, a
= depF deg G

/potem vactratrost preseniza definivamo s stophjo mick RF, G

verdade=

dafdadeaa b c
↑ Medi in inbile take S

a+1 a+m
- ~

-

stopige

↑ = a ylm-ay zm-1

+...
+am(x , 4)

Vstavimo 10,
0

,
1)

kir S ne leii va F=0 i F(00, 11 + 8
.

Do drugi strami je :

F( ,
0

,
1)=0++...-

&2 d+ 3 : '
J " * F(, p

,
1) +0

is d=

8 : askyl je constantan - dega.o (podobrebo)



TANGENTE IN SINGULARNOSTI
2023

Wood

Idea : Regularia totka ---" -Hungeramine .

Dri

singularna tocka

·
Raciali bono targete er okch primerih.

Def . Tocka (X , yo) ma brirulji fixy = 0
je singularna ,

ie relja
&Hoyle in=0 . minimalis polimom brivile
toie

,
bi mi singularna je regularia.

Y
Problem : Imamo premis x =0

Usaba torm un to premici
=

je regularna
>

x

=1 +8) =
tudi x2 = 0 dobia isto premico

&
= (x = 0 =

Tudi - splosio : f(x , y)

f(x , y)"

s=
f
8(x, %12=g

↓

N ,=
Namk: Ni users

,
butero enaibo od krivulje vamems. Definicija se manasa na

minimali polimam krivule .

Polinom JeK[in] je minimali pol. briraly [D ,
ie : (EV Vectoratin galtoyer

Po studyjavi lemi je endlicho dobch

Primeri :

e) Usaka tocka ma vsabi premici je regularna.
f(x , y)= ax + by + a

=a
i sta en mebi toki oba partialia odvoda mic

, poten je a=b=8 in to

mi premica.



2) Je je fix , 4) druge stopye , potem imano due monosti :
2

de premieri
-

a) f vaccapen
:

· - singularna gir
?

If merucepen : use tooke e f= 0 so regularne einmax"+ 1bxy + cy2 + 2dx + 2ey +f =0 ↓
go

laking

A *I fastoriciramo# congruent (+0]tangentho

de obstaja singularna toika , potem ima Sistem
Of

f = 0 x
=0=

skupms resiter : #

·
ima resiter

-J
A ↓

rangh(

TANGENTE NA REGULARNIH TOCKAH

Y regularna to ma f poten je

icreb o impliciti fambaji y Abstaja taka Junkrija y= y() ,
bi :

-je definitia s obdici xo

- Jadojia 4(xol =yo
- zadosin f(x , y()) =0 In vsak x =D(q)



y=4(x)
⑨ f(x, y) =0

Tangenta ma f(x , y) =8 o Ko
, yo) = Hagenta ma y = 41 ~ Ko

, yo)
in taugerth ina enambo

1=
-No , yo

-,

+
an

I q'Nol = -
Touredim in dobimo Koiyol(-xe)+ ( , yo(y -y =
To je enacba tangente r

reg .
tobei.

Primer & (o , yo
o
obrarams podobro in dobimo into enaco a tangento

~ (0 , yo

TANGENTE V SINGULRNI TOCKI

v definiciji bono potrebovali pojem pressive recbrationts med knivulge
in premico ~

suemi restor

n (a,
b) Y

mult(412) pressive retratrist 2 in Lv poet
· (x0

, yo) =P

dif stopuja micta 8 In gett
L d = mexd : + "g((t)

X=xo +atPremis Lmajprej parametricians
y -getbt

to retarium v enaibo brivule I in dobins Junkrijs
g(t)

= f(x. +a+, yo +bt)
·

Oxitu j g() =0



Kabs det tangento ~ eingulari tooti ? 7
. zapisk

v drah borbiti

Naproj definivans red tooks P
.

To je ordp(2) = min [multp(212) L premica skoni py

Premica I je tangenta na brivule & w toon'P
,

ie je multp(Tn2) > ordplt) .
tiste

,
li se bulj

#
prileggo zrivly2

kako icratims red toide p ?

Kals pistemo use tangente seasi p ?

Racinams mult, (enL)

g(t) = f(x, +at
, y

+ bt)

g(b) = f(x , yo) =8

gl= Not at
, y

+ bH a+ Go + at
, y + bt) - b

g'()= (0 , y(a+y

g" (1= (0 , yo/c+ k0
, y . 1 · zab+ x0 , 40) - b

giv (0)
=...

Ramana,
abir en me pride -O.

je so vi demi DeTaybijera unta je
0=

q
se ejema

s suga tay. vists /be je polinom/ => g(t)=0 =>

f(x+ at
, y

+bt)=02 Et - prmica p je rabiran we =>

=> Receive viteatost je o

Ramanaor multp(L) = ka vsab LobriP

*multi g(o) = gl(0)=... = g(z (8) =8 m fa
,
b

) vi parciali odiode f reda k so enabi 8 ~ /x0, 40)

Kdaj j Ordple) = 1 ? Ko g""110 In we a in b

Elebstupe partiali odvad rada
,
bi mi olusi mijaga rada

-

po b eval Of

Dobasali suo
,
da jei ie is Ko

, yo) = 10, 0),

potem .
je ordpf stopija

ordleit: Hd najnizege monoma



Rahmany tangent v
Pi

licens tab premiss Lsbri
P

,
da j Mult(2nLlodpe

k

ordpy = k =>mult(2nL) = k+ 1 z mul (
=> g(p)=... = g(1)(8)=0mva , b

gi mit m h abapa
ne zine it,,

f(x , y)= f(x , 40)+ (, y6)(x - Xx)+ (0 , y0)(y -ye

+ (, 40)(x-Xo) + 2(0 , ydk-+)(y -ys)+ No
, y0)(y -yo)

+...

it is red toots (o,yo) ma 8 = 0 enab 2
, potem edpade Constanti in

linearniten ,
kuadrati den por si mic.

Targete ~ ( ,yo) dobins er factoriage Krachtrega dena . (2) Ay=0,
0)· Fe re

Najpreprostage joa primern (0 , yo= 10,
0.. precedent - primer (0)

sestego e dene majoize stopije in doblen iraz fakeforizivans.
Dobino un premise ,

bi so tangatis ma knivwly or 10.
8).

Primer : x+y" -Ex= 0

najmizje stopage

tangenti
Robins due tangente x

=0 in
y

=0.f S&

is p + 10,0 , p= Ko
, yol

s premibom g(x , y) = f(x++
, y + ys)

(0
,6) E V(g) <=) k., yo) = V(e)

7. 4
. 2073

Primari : Ordp2 = 0

orde =
1 POdi pregulara

ord
,

2 =1>
p ja singularia toda na 2



milionile premic elrai pGorde=dehionalm parametrizalige

Debat: Y

ordp
.

2 +
..

.

+ ordp
,

/2) degt
17...in mutp

.

(12)+... + multe
,

(212) Edege
Becout

(ce 2 merazcepent
Nemicepna

Postedica: /Krivula 3
. Aspije Ekubika) ima lanks kregen ens singularnost.

Dobat : Ce bi inela due :

pr , pa ,
bi strange potegmili premiss in uporabili

treiter 1.

Pobili bi ordp
.
4 + Ordp2 <

dogY Y

En mucopre bubike to ne delige*
Dobaz & : V dokan & abims formul efful=fl+fel (*)

Bis predpostavins p= (0 ,
8). St. najnizjege St . nagnisfinge st-najnialega

monsma v Monoma v monome v fr
In f fu

fr opti
ord (8 + 11 fr) = ordf, odfu Todfa =

· Si " "8

=> p je singulara tocba
na VIfefafa)

1) ja & unija rarlionite premic flori p
,

recime I = Lu
...
Uhm

ord
,Zords(h)+... + odplimtm Ho j eas dege)

()) is je ordpe = dog => ordp(8) = degf , f minimali poliromIl

eng gene Ivecimo p
=190) de ne priemabremo

monam f

=> Aspie sch monome of to encke = 1 je homogen polirom o x
=> f urpade na linearne faste f= (ajx + bjy) Yker je f minimalen

, so ti fattoi paroma
relimibim

ne

a

Dokaz : BJS p =10,0

orde =

degt-12 = Vif)
Poten ina f sams monome stopang m-1 in m

, bj je m= deg?
Pisems f = fim--1 + f(m) y

=tx

&
Bota monymou *oth monomou stopipe m precise

stopije m- e

Kamers pojubro promis elerci ski p
= 10

,
0), recimo y = Ex ↑

·

10, 01



= 1x=t

krjtams X" in dobimo 8= fim-1)(1, t) + xf(m)(1 ,
4)

=> x
=

-fim-1) (1, t)

fin1,+) iskana parametrizarija
(2 ens od component 2

~ presedison

an asbio peace .
I cab

higy = +x=I I ento predpostavians ja
,

da ja Y merzcepra,

Obrat relija ca brirnlye 3 . stoprije .

Babile

SINGULARNOSTI IN TANGENTE ZA PROEKTUNE ALG KRIVULSE
Potrabovali borno Enlenjera identitato

,
li provi , de sa sak Homogen

polinom F(x,
4 ,t) stoppe n velp -+ ++ =F

Dobaz: Ker ja F homogen stopje m
, velja Fltx, y ,

+z) =t fixyiz)
Na obeh stranch odredem ↓:

& (x, + y++)x + G(x ,
+y,

y+ (t4 +y , +z) -z=
m
+

- "

-k , y , z)

Na konca vstarims t= 1 in dobimo Enligera identiteto.

Ideja:ejepoint dra pancial
odvoda Fu p endis

Figureme
yo

Toda me brivlje F
,

di mi singularia , a regulama.

kab inmoname
tangent regulariia

Tangentus rrmins or Ko , yo , zo) Etangenti proj premical
im enambo

· (0
, yo , to) = (0 , yo ,

to)( -Xo)+ (0
, yo , zo)(y-yo)+( , yo , z)(z-z)=0

> X & Ko . ye ,
to)x+ Ko ,Yet,

m=dept
= Ko , Yo, zox

,+ ( , ye , zo/y+ Ko
, yo , zo)t. =

Enter
m

. F(xa , yo , + = 0

Porceted : enter tangente v toosi
p jep)x+ply + (p). z=0

ta

Alternations : Sebas + varming z= 1 .

Kramas tangento na doblems alino brivateThmaglizim's evaibo te targete.



kej pe targete o singulari total.

Porovimo definicije in afnega primera
mustp(2n()=!

ord(e) = min [mult,
( +2)/L prog premise Basi PY

Tangente so the premise L
,
z katere je multp(eeL) > ordple) ~

e = VF

·

p = ( , yo , zo)

ustrera ji (
: H= (1 : 0)

·a = (a ,
b

,
c) ↑

parametrizacp premise : SP+ tQ

utaries ~-> dobino z

=(P++x)= Momegui polinom or sit
-

multplenl) = Glades stopige with 11: 8)
, tory majnige potes tobydeli F(sP+ ta)

Primer : ta brindle FE +y'z"-xy = J abai we singularce tode in

tangents v rijch
Singularie take so resiter vistema enacto :

0 = : = 2xz - 2xy) = 2x(z2- yy = x=0 alizzy

t 2)E=y2
0 =

2zy" z =

y ali z= -Y
=
y

= 0 ali z = g -

>LY st-
2y" = 0

H

y
= 0

H
z= 0

Portal : Verno sta due componenti enabi o , se provi ,
da imams tri resitie :

[1 : 0 : 83
,
[0 : 1 : 07

,
10 : 0 : 1)

-
se singulaire tocke

potimo target ~ [1 : 0 :8)

Vianems is ere todes (0 : a : b)

orgi premis skri ti due tooti ima parametrizacijeY X= S

Yy
= at L

z= bt

To vitavimo v F. Dobimo

~ 1bts + lat) 1bt - g" lat = st2 (b2-al + abit" #



mult
,
/211) = majvija stopuja t

,
bi deli (*)

= [4,eaa
ordple) = min Gmultp(1H) 1 LsbriP] =min1247 =2

tangents to tiste,
In batue je multili) = 4

, ce pranististe ,
Le bathe je

a= b2. Imano dis unsinsti : b=a

x
=S x= S

y
=at

y = at
z=at = - at

I #

y -z= 0 y+z= 0

Alternationo: polirom = delonogenicians gleds no X

Robins F(1
, 4 ,
z) = z + yaz - y

To cri (1 : 8 : 03 me Unt untrea to 10
,

8) me V(f)
stopuja majnisjea monoma of je L

ordnet = ord
,af =2

Tangente e 10 , 0) dobino tab
, de faktorizan voto denor majnitge stopage

ty = 0 = z = FY
V spotran bi morali in Momogenizati po XCampan tubag mi trabal

14. 4 . 2023

Nairt :

presenc nechalet
· our Zevila singularsti na meraccapni krivlje
↑ - 11- na macepri brivnije

PRESENA NEENAKOST

2n Trater: PEC. n2z

P mult, 12.
122 ) Zorap? ord,

& -progestion primer
el

Opomba: Ocena je stroga natants teday ,
lo imata I

,
in 2, skupno

tangento ~ P . #poly 2 4. url is 1. DN

Dokazi
-

Kako se icracuna multp(2 . e[ .) ?
De 2

.
1 % laberemo tous

,
li relati no En

,
E

,
all na

X L gre show P
, ampak ne elori Q. baknipreme en

sprementions bordination ristem : Is proj transfl
2 in 22

&

ODO,L im enao-



Recimo, da enacba 2. : F
.

= 0 Amuforzivani)
2 : F = g

Kraus Res <Fe
, f) glede nat

multp/2. 12) = verrationt faltoge ,

bi ustraza 4
,

li ima mi (1 : 07
= majvisja potanca y ,

bi deli Res(frifu)

Naj bo Fe(x , y ,
z) = as( , y) zk + a

,
(x

, y)zk- +... + amk , y) dega;i
-

> (x , y ,
z) = bo(x

,y)t" + b
,
(

,y(t +... + by ( , y) deybjj
Naj bo ordpF = r

,
ordpFis ,

P= [1 : 0 : 07
Il

najniia st. ↓ dehomogenicimno glade na x afini primer
monome 10,01

Rehomogeniciramo gleds na xi
J

= (1 , y ,
z) = as11

, y(zm +... + am(1, y) nima denor stopige >r

↑ (1 , y ,
z) =bo(1, y)th +

...

+ bu(,y) minu denor stopige

F
,
(

, y , z) = aoH,yltm +... +

am-r(in)y+.
Podobmo :

eijemo amertayamerta to vstavius ~ def resultants bu - ste =y
. 5n

- s +1

am = yoam
Y

bu = y .b
degam-r + i = m - p

limimagine sedaj resultants
gleds me t in pobations ,

de je delive deptmnj = m-

Reo(Fe
,
Fu)(1 ,y) = det

90(, y) . .
·

am H
, 4)

I .. a.

(1 , y) .
.

-am(liy I
=

ty

bo(1 ,y -- - bn( ,n)
I

"bo (3) .

-" buliy
endujo rustics in a

er pormoins +y,
a
. ... amer yamore ... yoam predindige z ys

-1
...,

(n-y+ 1) -to
zy

det .
, -=

go ...
Amer yaueren ...yaI

-

-

:

-

-I
·yo

- 1

1:
Erdige in bejer z yr, ...,

Im-r+1) -to 7)↳bubei
Radi bi dobarali

,
de je to delive + ye

To postabi, da to v urakam od eadjih its

- stolpcar make potence.
- -

y ... y yo ... y
- Res = y+r... y polinom

Res = y1
+ ...

+ (r+ s) - (1 +... + H - H +... + 5)
. polinom =



= Y
(r+s)(+s + 1)--

pinom =

(4+ 2rs +y+y+--x-5-p
=

Y
· polinom

= y . polimom
OLENA LA STEVILO SINGULARNOSTI NA NERALCEPNI KRIVULSI

krek :

Naj bo 2 nempna projektivna krivnjaprje n
. Troimo, da ima I majre

(n- 1)(m - 2)
singularwit tock .

2

opomba : Scena je optimalna : Ea rak on je Th(x) - Th. (y) = 8. Te = polimom Cepise
revacepro proj . alg . Erivulja 2 matant -2) Sing tokami.

Opomba
: En n

= 1
,
2 sms to te dolavali

premice/ Erivulja 2. Stopie 12 premicil

Lema : a Usabil+ 3) too e projectivi minini obetya projectiona alg . krivulja
stopije In

,
bi gre stori nich.

Dobac : Prestejas blibs momomor stoprije n imano.
x : 1

it,

qn
-

: 1 diy motresti : 1 + (+... + n +(+ 1) =m+ 2)

_tolibjemih
mona

i

1
, y , ..., ya-1

Poteca z je nately
X dobient potencami x in y. Iseficientif so zaenbrat neznani,
1 : 1 , y , ..., Y

U

vemo sams
,
da jik je

+ 2)

In+1 monosti 2

mx) Je v F = 0 vstavins webs tot
, potem mam to

da webs lin . enazes la remove beef. polinema *

Kamems homogen polirom stopija n z nezmanimi beficienti
Ustarlams dane take ~ ta polinom .

Vale tooka man da ens linear enaibo ze nerhave beef.
(n+1)(n+ 2)

=

ni + 3n + 2
= n(n+ 3)

+ 1Deficiento, 2 2

2

VR enise o homogene & Poddobien homogen Sistem
Inimago Constantwh

clamor linearit enab

Imams erro nezhanks ve bot je enab. venima tak distem

retrivialis resiter.

To nam da polinom ,

ki nima

nch beficientor enabih 8.

(in que elesi done trize)



Dolanz icrebai

Venus
,
da velyn va m =1

,
2

, torj latis predpostavino, da je na3.

Raimo ,
da ima I vsag2)

+1 singularwit to
Na brivlji 2 inberemo je n-3 dodatril tookme myno singulariti
Nevib rich took je (n-11(n-2)

+ 1 + (n -3) =

(-

1))n
- 2)

+ (n- 4) = (n-z)/* +1) =

= (n-2)E =

(n- 2)(n-2+2)
2

Uprabino Memo In-en-2).

Obstaja meta knivulja stopige En-2 ,
li gue slessi te tode.

Occasions to brivier o 2.

thi lahi uporabino Becutor irred a 212 ?

preventi insamo,
,
ali sta minimala polinoma tel brivly tija

Policem ze je merazcepen stoprije n

e je stoprije = n-2

Skupni faktor je stopinje n 1322 merazcepen)
- 11- n-> (bar deli polimm ze esY

Besoutor inred pri , da jemult
2 2 = unijate2 + 1 sing. tot in In-3) docatribe tool na 2.

2 = E + E
Peene' Peenel Pf ene

↑ ring . Dice I ↑ dodatwih took ma 2

Ocanimo multilene) s abch primaril , pri semes mprabino pressano necnabit

mult (212) = orape-ordp 2.
In je P singularre toda 2

, potem p ordp2 = (

mult (212) = orape-orderingna
·Eveupln2)= singularnih tob) . 2 = (M--+)

Mult(2ne (5 dodatrih f. 1 = (n-3

E => (m- c)(m- 2) + 2 + (n- 3) = (n -1)(m -2) + m-1 = (-1)(m- 1) = n2 - 2n+1
=u(n- 2) + 1

Pf ene
↑ dodatwih took ma 2 To jo 2 the vee

in i hing Sa sponge cann -(n-1)



↓:
OCENA STELLA SINGULARNIH TOCK V RAZCEPNEM PRIMERY

Naj do 2 proj . alg . krivuletopye n lamb je raceare
Traimo, da ima 2 majves
Opomba : Tudi to je Optimalis ocena.

Enabet je dojezra s peimer ,
l je e mija n premis esphoin

legi .

↓

ma : Single , Ut ,1 = Singl , Ubingh U12. 12) la poljubai E. in I

-
> je preprosto

Dokaz:to stedi ordple,
ve) = ordp2 + order

Velp pesing
(2

.
02

. ) <s ord( . ve
.) = 2 <= ord2

,
=2 /)pEring()

ali ordplaz2 k=> pesingtal
Dumicreba :

ali ordp2 =ordp2 =1(= peen()

Doba 2 indubajo po n.

↳amepmpm
#singe= sing (2 . 02c)
g2+singl+ #2)

=Emi- 3m + 2 + -M +Im
1) Beront

prejinti-1 11 predpos
(m

.

-1)(m,
- 2) M2(n) -1)

Min

2 2

=E((m.
+mc)" - 3

-
- nz+2)

= llement+-uM M



21. 4
. 2023

PREVOI

Definicija : Tocka & na krivulji I je prevoj , ce velja :

e) tob P regularna
4 In tangento Lo tooki & relja multi (212) =3

najmanjp
↳ 0 je iSpomba:

Here muttp(en)orde,n)a. km)
"

y = 43

f(x , y)= X-y sing trike: = 3x) =0+= 0

estavins anabo tangente =
- 1 + 0

f(x , 8) = xSn Ker x/f(x ,
8) je multenE3 reg tochi :

&Ka,yo/K-tc)+ 4)(y-y)= 0

Pomba: To delije tudi a y
=x" , bar w analize 0 -

y = 0

mi prevoj ,
za mas pa ja. S

y =0

Opomba: Je je multie =2 potem ja P provi pro
- repravi

Redigi primetprem da je komponente o e

Is karje prevojer po definiciji jeComplicians .

livemo raiumlei main .

Polmali boro
,
da je morica resiter vistema enab F(x

, y ,
z) = 0

,
F homogen

det
enab uniji mustice prevojer in mustice singularit took lod brivnige F=0

2= Un (f) = ((a : b : c)) F(a ,
b

,
c) =04

H(e) =V(det(** - F)) Hessejera Kivulja
Flex(2) = mustica rech preojer bringe 2

Ging(2) = umorica with singularwih tool brings [

Glarmi invel : InH(2) = Singl v Flex[



Primer : Poiso use proge ma krivulje y'z =x

F = y z - x3

Fx= 3x)

Fy = 2yz
Tz = y

Kay so singulare toke ?

3x2= 0 = x= 0

ya = 0 =
y

=g

Singularna too je 10 : 8 : 1)

Hessepera matribei [ J
-

6)J

Njens determinant je 24 xy2

Resiti morams ristem enab : y'z = x
=> x = j24xy' = 0 = x=0 ali

y z= x

y
=0 diz =0

↓ yzz = x3

=> (xi y : z)= (0 : 1 : 8) & Flex

al(0 : 0 : 1) = singularia

Nairt dobasa glamege ireba :

2= Reg (2) v Sing (2)
2nH(2) = (Reg(2) v Sing(2)) n H(2)

=(e)H(e))vH(2))
= Flex(e) = Singe

Dobrati mormo : 1) Singl = H(2)
4) RegenH(e) = Flex (e)

Preden caremo rainati
, penstarim Hessejeva determinanto

H = (.) Eukyjeva identiteta
↓

auth detf =a
t
Idetse re

~preseni



= (m-1a)
F ]=> zdetH =-1)det=deyy

= In-

1 de = -de(m-1)+ In-1fy MF I
Opomba : Hessejeva Krivulja H(ES = Veldett)

je odvisna sams od 2
,

me po
tudi

ad abire bordinatrega sistema

idija : Proj transf (Fed
y =-Eetdyta,

&24 +9227 Taust /

&1x+ay2y +9337) =D

= (G(x,y ,z)=0)

G(xy ,
z = =x())

Krates rain pobar ,
da je (&GI I

Gx= Fxann + Fyazn + Ezaz Gyz Gzz
Gxx = (Fxxann + Fxyazy + Fxzaz1 )any+ /fyxam +Fyya + Fyzas1)an+anE

Ce vzamems na obch stranch determinanto, dobimo

det Ha = detAt . detHydetA= detHz · (detA)
2

deta0 ker je proj transf.↑
detAT= detA obruljiva

Torej je detHa = 0 )dett== -
↑

(
,y + (E)

↑eVm(F) Ol(P) E Va (FoD
-

1)
↑e Vn(dethe) DIP) = Ve (detHop-)

11? zoriji moun z det.

Va ((detH= ) ·D- "

Doka glarrega is raba :

1) Ging?_=_

H
-

(2)
Kamero poljubri todro Pefing ? in jo vstavims ~ pomoons formts (#)
↑Eding[ = F(P) =0 in Ex(P)=F (p)

= fz(p) = 0

=> Im-11" det Exx (p) Ey(P) f x(P) = 0

IExy (p) Fyy(P) Fy(p)
=0 I = j 1 primers irbivo bordinattega sistema

=x(P(z) Fy(P/xym(p)
=0dosezamo, de ja tretja component a reniceta

?# Ev(detH) (Pl= 0 z= trada Components P = (detH=) (P) =0= P =H(e)



2) Reg2n
_

H(2)=Flex(2)
Vanemo poljubro todo PeRegl

Naj bo L tangenta na 2 o P

S primeras imbiro bordinatiega sistema donemo
,
de jen:1) in da ima

enaiboy =g

I fan bordination Sistema maj bo enaire brivne F= 0.

Kay Lah's porems o f

Najproj dehomogenizians pot + f(x
, y ,
1)

Tocka (0 ,0) je regularia toda ed F(x ,y , 1)=8 in evaaba tangent n tag toda

je y
=0.

Fix , y ,
1) miner Konstantega alena (k F(0)=0) ima linearni den enab y

↑(x , y ,
1) =

y + (ax2+ 2bxy + yz) + deni visjil stopenj
le je y=> tangental

=> f(x, y,
z)= yzm+ (ax ++ 2bxy +yz)zn

- -
+

...

multp(2n() =?
vstavirus errib tangent v F

Parametricsija Lx= x untarimo F(x ,
0 , z)

y= 8=

t = t

gleg piske 11
Tras P= D: 0 : 1) dobimo ~ primer , lo je xiz=0 : /

Futor F(x,
8

, ef
,

bi untrea & je torey potence X.

multp(214) = majrisja portances x
,

bi deli F(x
,
0 , z)

kar je L tangenta,
- (x

,
0

,
z)=ax-mpLF(x,

0
, z)

m
V ( votavim F = x G(x, z) + yH( , y , z) in potem 52 (x, y, z)+ (0,

0
, 1)

Fx = (xG + x Gx +y+ = (0
,
0

,
1) = 0

3
10 : 0 : 1) ERegt

fy = + + y+ty
-> Fy(, 0

,
1) = H(0,1) =>

viaj en parc . Odvod je namsen

fz= xG=
+ yHz -> f z (0

,

0
,
1) = 0 =>Hop,

11 + 0

Fxx = 2G + 2xGx + 2xGx + x Gxx +yHx Exx(0 ,
0

,
1) = 2G(0 , 1)

Fxy = +x
+ ytxy ->Fy(,0,

1) = +x (0 , 0 , 1)

Fyg = Hy + +y
+

y
+
yy

= 2+y + y+tyy -> fyy (0,
0

, 1) =

2 ty 10
,
0

, 1)

## je tore 1 . detH
=
10

,
0 , 1) = (n-112 det 2G(0, 1) Hal

,
01) O

H+ p.
0

.
1) It H0)

=-GPI J
Veno

,
da je P= (0: 0 : 1) prevoj

=) G(0, 1) = 0



Ker je H20
,
0

.
11 70

, jGloGet a
#

p= (0 : 0 : 1)(H(t)

Portetel : La read &-Regt smo dobanali : PEFlex(2)= PEH(2)

Torg je ver Reg(e) e H(ll = Flex(2)
V

OCENA 27 STEVILO PREVOjEN 4. 5 . 2023

Naj bo2 projektivna algebraiona krivulja
Imans 2 moinosti :

- 2 vebaje premis
- 2 ne viebaje premise

V 1. primem ima 2 restoram prevojer, kar je usabe torha ma tog premici
reprari pravoj.

V 2 . primer se reace (glej dripto) ,
da 2 in H/l) minate sempre componente.

Tory labls uprabino becouter incl in 2 in +(e)

& mult (tnH(l) =

denepf(n+/2) degf = u

Vsoto midelimo ma dra dela :
deg det [**=) = 3 (n - 2)

& H(l) = Flex (2) v Sing (2) untelemati stopje In-2)

& mult (2nH(2))
+Emeup(2H) = 3 -

PEFlexY

Uporabimo pressin necnabst :

mult(2nH(2)) =End oH,The

Fringuberna =orde=

↑ prevoj=p regularna ord=1

Uvedemo se ocuate

J = stavil prevojer ma 2 = #Flext
s = Sterib Singularit took = #Sing ?

ocena
: f+2s = 3m(m - 2)



>28JEKTI UBI
Kubike so brivule 3

. reda.

Cilj : Klasifikacija Kubik do projectiona evivalence

spotoma : Weierstrassova in Hessejera normalia forma

UVOD V WEIERSTRASSOVO NORMALNO FORMO (WNE)

WNFjebriruikeygenzinti : yz=x

Kdaj je WNF mesingularma
? resingularua= nima singularnit tode

Trditer : Nasledige troitre so devivalentra :

1) WNF je mesingularna
2)423 + 2732 +8

3) Polinm x+x + 1 nima rehatnih micel.

Dobar: 11.E2) Kraiwnajms singularre took od F = UE-X-axt- B23
Resiti insrams sintem enab Ex = Fy = Fz =f

111

0 = Fx = -3x - ath

0 = Fy
#
2yz(3)

8 = Fz =

y
- 2xxz - 3Bzh

Obarnavajms primer t = 0 in z8

· ce z=0 =) 0= - 3x perite

0 = 0 =x=

y
=0 = 10,

0
,
8)

, ampah to

8 =

y2 mi projective to

· i = + 0 = Lyzg
y

= 0

# : 0 = - 3x" -It Yesimo to Sistem

(3): 8 = - 2xxz - 3Bz2

Ker je z78
,
lahks drugs enas okrajamo :

8 = - 2xx -3pz
(2cx) = (- 3pz)"
42x = 9922/. 3

(1) : 3x2= - 2zh 423x2 = 27B2z22 42 . (CE) = 2782z4
- 42z2 = 273'z2 /z2(ker z=0)

- 422 = 27p
in imamo singularno too ma 2

, potem je 42 + 178"= 0
Dokan relie thdev drago emer.



2-E23) fi = +3 + xx + p
ima restratio miclo

↳ f in f'inath stupen factor
=) (f , j) =0

1 82

Res (f , j') = det I p =...at t
3 z

3

GLAUNI IREK O WNF

Radi bi pokazali :

Glarri Ruel : Usaka resingularna lubika ja projektivno elrivalentra medi WNF

odtad ne sedi
,
do to Use proj . bubike proj .

erivalente
. Niti 2 milichi WNF mista

stem klasifikacija je mi bontana
,
ber dre radioni WNF mista mujio~Pi

projectiono ebrivalentri . ↓
2 DN : y z = + + 4

,
xt + B,

z sta projections ebevivalentni
y ( z = + + x2xz2 + byz

=
to ebvivalence in glarmi izred nam

dasta klasifikacijer projektivnik kubik
do proj . etrivalence .

Dokaz: Nesingularna-bibaje masancepia . (presed component bi bila singularmost)
① Nesingularwa bubila ina vsaj en prevoj : enH(e) = Flext ving?

a
1korak Zakaj je Ent(2) reprene ? It Becoutoigu Breda =

2= H(2) => presid je 2 ,
1 pravi d

2(2 in H(2) Minata sempre component . Tory lahbs uporabim
Bezoutor isrek :

& multy(2n H(2)) = 3m(m- 2)
pe2nte) ↑

to rumand +8
=>vsajena take je - persal

Q Primerno isberemo bordinati sistem .

Prevoj ja su todi (0: 1: 07

Tangenta ~ prevojn je z= 0

Kakina je enazba bubike
v movem bordinatrem Sistemu ?

Splina enazba Kubike ja
8= ax + by3 + cz + dxy

+ exy + fz2x + gzx + hyz + iyz + jxyz
Ker gre

kubika elsi 10
, 1, 8) je b=8.

Vans
,

de je pressons rectratiost te kubike s premiss z= e

~ th [0 : 1 : 37 = 3



Ustavims v enaobo Kabike z=8.

8 = ax" + by + dxy + exq2 Kerje ta promi preope trugate
more biti

pressive recreatest vaj 3.>

=> to more incti 10 : 17 za trojis mich. O = x19x2 + dxy + ey") + bi bil +

8 = ax3
Sams engite
wil

On tod medi b = d= e = 0
,

a + 0

0 =ax + 2z + fzx + gzx + hyzz + iy -z +jxyz
aspolminoaradata③ Poenostavims zene

,
bi urbijejo y

:

↓

hyz + in +

jxyz
= iz(y2 + fyz + f xy) = iz(y + (z + +x(y) =

=i =zi↑
Navieno proj . transformatio : (x IYE)--(x' , 4 t) , by x= X

, y =

y
+z++, z= z

8 = ax+E + f (x +

y = x) + izy) -iz/
8 = k-z + (f+x + (g- zx + ax + izy

= + (f++x-qx
- -* + 0

C B

x - X

yez = Ax3+ Bx-z + (xz+ Dz
y
- y

t -> t

⑪ Wemeljimo 970
,

i = 8

F = ax+fgzhyztiyz
+ jeyz (baze

· a= 0 => zIf * protisys - reveceptio # & a f

IF? : V dobaza posterazio,
de je prevojea trabe (0 : 1 : 8) regularna

=
x

=3ax + fz
-

+2g =x +jyz
Fy

=hz + 2iyz + jxz
Fz = 3cz + (fzx + gxz

+ 2hyz + iy + jxy

=> f x (0,
1 ,
0= 0

=> Fy(0,
1

,
0 = 0

=> Fz0
,
1 .
3) = i < ta more biti #8

y ce resimo tals
, de sprensenimo bespdivati fistami

x +X

y - y
z + z

iaco y' portance y.



⑤ Imams y" z = A x3 + exz + (xz + Dz3

proj - transf
dokaims A = 1S primerno camejars-

x= E x
, y

=

y
,
z = z

y z =z + (xz2 + Dz3

s
primerno ramanjaro dopiemo 3=0

iPrin dra clena

Thepoindopophapaa b
-

jeEt- Ext- + xt +DE =

-↳ +-D
xitz

= x" +2x'z + Bz3 #



12 . 5 . 2023

UVOD V HESSEEVO NORMALNO FORMO

To je kubika oblike x*+y + z = baxyt 02
. M(x +y+ z3) + 3+ xyz

=8

2

Kijemesingularait
F =M(x3 +y + z) + 34xyz

M *

= 3ME + 3+ xy
= 0

=Mxyz
(3 + 13)xyz= 8

1)m2 +1 = 0 =
x(y 2 z =0 =x=2 ai y

=8 aliz= 8

#ux =My=Mz =z

M
+0 : x 2 =

y
=z=0 = x

=

y
= f

Portek : Je je M + ** * 8 in MED , potem je krivia E= O nesingularna
· M

= 0 : F=3xyz = F je Racepra , tori tudi singularra
[1 : 0 : 0)

,
(: 1 : 0)

,
(0 : 0 : 1) So sing. toos ~ fam primar

YMIFMtyExyin 2 = 1

2-1 = 0 = d - 1= - 1=
x=

-E+
it = w

%=1=cr + isin69,
1

, 2)

2 = wo = 1

m ali c =w = w = - E +i itwir
he

ali a =w = -E-i
Vusabem ed tel freh primero imano po

3 singularnesti
-

To pomeni ,
de bubila repade me

lo premier

& 1 : x +y + z - 3xyz= (x+y + t)(x+way +nz)(x+

wy +wit)
I & C = w

: x + y3 + z" - 3W+yz
=

camera xX &
S L =wa :

--

Parsetek: Te je M
= 0 ali M2 +/ =0

, potam je brinja F= & vacepna,
torj ja singularna .

Porzateb : mesing => M+"70 ~ M+0 ,

Edelims 2M
: x ty+* + 3 axyz=0

2+ 1



kaonay proje ~ resingularem primer

& nH(2) = Flex 2 v Linge
F =u(x3+y3 + +3) + 3 + xyz
fx = 3mx + 3)yt Iautafy = 3myz + 3 + xz 3x7

== 3mz + 34xy 31x Guz

= 62Mxyz+ 27 + xyz + 27x3xyz - 544 2My - 54/mx-/'Mi =
= (21643 + 54/3)xyz - 544'm(x+ y + z3)

2n H(e)
M(x3+y + z3) + 3+

xyz
= 8

- 544m(x +y+ z) + (2164 + 5443)xyz = 8

3)nationpim l
det=(216m+544% + 1627m=

21 = Let

Ker some u mesingularem primer je MEO in 13 +/ + 0
, tory i det8

Torej ima Sistem (**) sams trivialis resiter X3+ y
: +z = 8 in xyz

= 8.

H
X=0 ali y

=0 diz=0

x= 8 = y+z= 0 = z= -y = t= -

y aliz
= -

wy ali z = -why
=> (x

, n .
z)= 10 , 4 ,

- y) all 10
, y , -wy) all 10, % , -will

=> (x::)
= [0 : 1 : -1) ali (8 : 1-w] di (0 : 1 : -wy

102. [X : yit] ali 10 : -1 : 1] di 10 :w
: 1] ali 10 : -wh: 1) is obvers o in)

&th sus napidi so

no be jou zapiottthe
Rodobrs dobino lo

y
= 0 di z = 8 => Skepj 9 proper

& = 10: -1 : 1) Por= 10 : -w : 1) Po = 10 : -w2 : 1)
Po = (1 : 0 : - 1) Pr = (1 : 0 : -w] P = [1 : 0 : -wa]
P
20

= ( : 1 : 3) Pu = tw : 1 : 0] Pu = [-w2 : 1 : 8)

Nas cilj je pricati ,
da ti prevsji zadojiyer maslediji lastrosti :

Usaba premica ,
bi que obsi dua prevoja , gue poleg tega shori

ismatures en provsj



Def Mustica toch e talls lantro so pravies bonfiguracie 9 tock.

-
" m pojejno i

,
ze lig n ti)T ( premici

wx+Wy + z=g x+y +z =0

Wetwhy+ E=0

w+ Wy+ z=0

wx+ y
+ z = 0

Por
,
Pre

, Per lexijo max+ my + z= 8

Pol
,
Pro

,
in lesign me Xtwy + z= 8

Po
,
Pic

, Pr lexije un wix ty +z=0

Por
,
Prz

,
Pro beija Me x +

y
+ wz=g

bi que
skoni standard boufigecipe I toak

-

Napoved: Vaka mesingularnakubika je projection elevivalent Heri
normali formi

Nart dokazai

1) Usaka resingularna kubikea ine 9 polojer
1 Teh 9 prevojer trovi bonf 9 tock

Pojubni die konfigurije 9 taket PrjClient
e

enfigemeijer je (HNR)4) Edina mesingularna bubiba ,
bi

prevoji me mesingulari kubila
Radi Di dobenzali

,
da ima usaka mesingularna kubika matambo 9 prevojer.

ver je vsake
mesing .

Erbike proj eer. WNR zedosia to dokazati z WNR.

Kek : Usaka meringularna ea WNF ima matambo 9 prejer.

#knt : Nesingularna ma WNF je oblibe yoz=x" + axE + BE ,
Mc+ 2782-0

F = yz - x3 - 2xz2 - 173
U parabino : 21 H(l = Flextv
Fx=3x - cz2

Fy = Lyz
Fz

=

yz - 24x7 - 38z2

aa) = Extp-OcExz

= 24(x-z + 7(b+ z - 0xE + (4xyz = 24(xx2z+ 3pxt - -xz + xyz)



Risiti morums Sistem encob F= 0 ,
detH=

=0

1. monost: == 0 Ex= 0

To resi tudi dett = 0

Edina resiter je tory (8 : 1 : 8)

C
.mainost : E0

.

Labbs predpostavies z = 1.

# = x+ xx+B
to vstavine or dete = 0

,
se provi

Z0 = <x z+ 3bxt-1jz +

xy
=

3

= <x 2z
+ 3pxE -ba4z + x(x*+ xx+ 3)

!
= x* + 2x2 + 48x --

Polarati moramo :

- da ima ta enziba 4 varlione resitue
- vsabi resitus po x untreate 2 pliars

Y &to nam da skupaj 8 resiter.

g
= x* + 2(x) + 49x -5

g) = 4x3 + 4xx +

43
= 4(x+x +3)

Polarati moramo
,
da g in g'mirata repre niche.

/To resi obaproblema

kaimams resultants

of ingrs
Res (g, ) = det

10 40 -

Es - Ex =...
=

- z(443+27p = 0
182

1 8 L B WUR nesingularnaI
18

1 g
& B

I (=)4a + 27B" +0
10 X B

1 82 B
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Krek : Prevoji ma nesingularni babili trorijer Configuracijo 9 took.

Porovimo def Configuracije 9 took :

Usaka premica ,
bi eleosi due inned teh 9 tok

, que je skri natar's eno taso.
Ge

.
P

Dobaz: Naj bo 2 nesingularma lambika in maj bosta P in Q previja na 2.

--
Tp Ta

Naj bo R precise Grivule [e premico ,
ki
que

soci P in Q
.

Todimo
,

da je
R
Preg

↓primerbebordinate deaa
To trugenta Mori Q

,
DETalTa

,
Q=Q

Opasimo, da so tode P , Q
,
P,Q'v splsni legi Fratene

tri od rjk ne

bijer na isti premici. Oparimo ,

da so tudi toobe (0 : 1 : 0)
,
10: 0 : 1)

,

(1 : 1 : 0],
11:8:1) v aploshi legi . Kab to doles? I determinatori

det70 det d
Po lami o 4 banal , obsti take projective transformacin ,

bi

P1- (0: 1 : 0] T z=0

Rep Ta y=0

D (1 : 0 : 1)
Fam se preibata tangenti To in To !

To dipimpedi madet
at1 =

y
= 0 &

Pistimo enails bubike o movil bordinatah :

mustowed F = ax"+by + cz + dxy
+ exy) + fzxx + gzx +hz + 1zyz + jyyt

Opoterans : == 0 je prevojue tangenta w 10 : 1 : 8)

y= 0 i prevojen trugate ~
10 : 0 : 1)

Poor!: Prevona fangenta ima pressiv retbratios o e way 3.



#(x
, y ,
8) mor immeti trojus mit ~ ( : 1) , /fin ,

0

#(x
,
3

, 7) mor meti trojus mic + (0 : 1)
, x3/5(x,

0
, 2)

F(x, y,
0)= ax+by + dx

y
+ exy) x(F(x ,y ,

8) = b=d= e=0

F(x
,
0

, z) = ax + (z + fzix + gzx x (F(x ,
0

, z)= c=y =

g
=2

Octane : F = ax + hazy + izy + j + yt
2

-----

Penica
,
li

que
seri preibana 1 in Q je 0 =detox

Press und prestitans premis x in prdiba krivjo F = 0 je
Vsteri x=0 ~ F = 0 in dobis hzy + izy" =8

ty(hz + iy) = 0

=> z= 0 ali
y

= 0 ali hz+ iy=

↳
3)ht+ iy=0 = R = (x :

y
: z) = (0 : h= - i)

hz= - iy
- 4 = z

Dobarati Moran
,
da j &prevop

e 1 H(e) Flex/2) v SinglY

Zakaj Re Hel ?

=x
= 3ax- jyz

Fy
= hz + City + jxz

↑

Fz = 2hzy + iy +

jxy

du =a cit/
Ustavimo tocks 10 : h : -i) in dobino

z

act-jiiin-jih= Light eI
in o =>R'je res

prenv



Peroji ma mesing .

Lubiki tronjo konfiguracie I took.

Prevoji na HNF Audi Norig Configuracie 9 took .
= Standardna bong .

Stood :

10 : -wh = 1)
,
(1 : 0: - wa]

,
(wb : 1 : 03 ; 4 =0

, 1
, 2)

2) Boljubri & -
Bot . 9 to It Pe

Radi bi dobazali, de sta ti due Enfiguraciji 9 to projections devivalenti

Dobarali borns
,
da eth ofe projectives enrivalenti treii bong. 9 Hi

in ncer :

So= 71 : 1 : 17 S = [ : 1 : 17 So = [1 : 1 : 1)
01

Sco = (1 : < : 1) Se = [6 : 0 : 1) Se = (1 : -2: 1)
S (-1 : -1: 1) Su = -2 : -1 : 1) Sc = [1 : -1 : 1)

Naj bo Qij poljubra kong . 9 toon
.

Isams projections elivalence med Rij in Sij
Najprj oparimo ,

da so Qoo
,
Per

,
Quo

,
Que v upbini legi

einand ↓ ↓d
Soo

,
Jo , Sio ,

Sa ~ spbini legi
Dobarati moramo ,

da se tudi estabil 5 tran primerno prodita.

Rij - Sij Zakaj je Sij = Sij ze vie i
, j
.

*Di
Enkaj je Sin = Se.

"

Sin la na pression med

- premico shosi Soo
,

Sen *

y
= - x

-premis sbri Soz , So pobro y = X

*det[= + x +

y
- ( t) - (y) - = = 2+ 2 = y

= - +

Presetise teh premie je x= 0
, y

=0. Ge provi (0
: 0 : z) = [0: 0: 1)

i



Be anaimo drug 6
, Jene

enaId

PremiseMoninis
&kar Son

, See
,

Sir lije un inti premici je 0 = det[] = opp+ a =-Pl
* =J

[=
Sin = (1 : 0: 03

to jetaking p+0 in 50 ?
p

=
0 28 =0

=> Sin = 11 : 0 : 0
+ so m

H
2+ 0 = 5 =j

Tora Sio lati ma pression
- premise

Moti soo in S2o :
x = -z

- premise Shie So in Suc : 2x+11-cly-1+1)z =0

- 2z + (1-a)y -(+1z= 0

(n- c(y -k+b) =
=0

z=
si = [ : 4: = (1) = (1 - 1 : n + p : 1-1)

Y

-
Toile sir lesi me presetisin

:

-

premie & in So2 in S22 : x = z

- premise Rosi Soo in Sin : 2x-lately - (a-1) z =0

presets,thdrehprem 1)

↳Sil posati more se , de e trutie bijo n it
prices

Ker Sie
,
Sen in Sie bije na isti premici je

1- x

O= det o = k+p)(c+ 1) - ( -1)(-2 +r) =2+ 3 + 2 + 3 + 22 - 24 -a+ 3 =I
are

a Ix+ 1 a+ 1

=2+ 3) To je ver < = Es

# ins dra "brea" :

[x : y : z)- Ey : - + : z] Digitistega =CFiB or distege - C =- iB
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Irditer: Edina babika
,
bi gue

stori standard konf. 9 toot je HNF.

Zakaj odtod sledi glavni izsek?

F = J D/Pol
· Poo

I - P
- F(Po. ) =8

-

- - => (top
-

1)(P(P) =8
! Kubila FoD " bo ja3

↑ -

O- stori standards konf.
9 took inbo rate

konfiguracija na
Standardi Konf enaba HNF

.

kubiki F= 0.

Dobac trditie :
L

stand
. Kong. 9 tooh : 2 k= 0

,
1

,
2 ↓

10 : -wa = 1) , [1 : 0 : - wh]
,
(-w2 : 1 : 8]

Sphtha oblika kubike je : op i

* + by + c + dxy +exyyt+ y hEx + iEx + jyal l b w
=

Vstavimo [0 : -w : 1) I

0+ b - 1 + c - 1 + 0 + 8 +

f( wk) - 1 + g(w4 . 1 + 0 + 0 + 0 =f
b+ + fw - gnb =0xk= 0

,
1 ,
2

Te tri enae sestegems in dobino :

3(b+ c) + f(1 +w+wa) -g(w) =f
w

mu J

o↑
8 =v- 1 = (w-1)(wi + w + 1)

wi

- Story je to

Torje - b + c = 0 = c=b

Ortame fund-gu= k=0
,

1
, 2

fw -

g
= 0

3584 = 1 =

g
= 0 =>a

fr"-9 =8)

Ustavius [1 : 0 : - wh]

a+ 0 - c + 3 + 3 +8 +8 +h(-w2) - 1 + i(-wz) . 12 + 0 = j

Sites we tri primers k =0
,

1
,
2

a - c= z

odtod sledi h= i =0 => m



Podobus velja in radinge tri tooke =>

Porretek : Edina Kubika
,
li
gre Mori stand. Konf . 9 took je

a(x +y + z) + j +yz
=0

To je varm HNF



SINGULARNE NERALCEPNE KUBIKE

Koliko singularwih th ima lablo nevaccepta
bubila ?

-2)

singularna merazcapa bubila ima natants eno singularis toato.

Koliks je red to tooke ?

fingularna torba je reda (leliminiramo ortale motrostil
-

stopuja najnijega monoma*

kaj to poweri La trugente w sing . bobi ?
*lano due tangenti , li lahls sorpadata, ali pa tudi me.

↳f in v kat intendreminitangentina
Primer nesingularie bubike abm je

Descarterer list.

prese
↳ E

Guiding. Diba
x3 +y + 3xyz

= g

arrius z= 1

Primer resingularre Inbike z o je y"z =x

-
-

-

Spomba : To stu edini singularni meraacepni lubiki lds proj ebevivalence matanana



↓
heh 1 : Usaka merancepra kubika z vozlom je proj ebvivalentina

Descart. listn.

↓k 2: Vsabe merncepia bubila = optio jo proj.cev. yoz= x "

Donz1 : Naj bo I
merazcepua Kubiba - vorbe 5

To
polemi o 4 torah obstaja taba proj eer, bi

* P - [0 : 0 : 1]
F + x= 0

Th
T +

y
= 0

Kako se glasi encoba brivulge I v movil bordinatal ?

Najprg t

f = ax+ behomogenicianaexp fxy + gy + hx + :y
+

j
10,01 levi me e = j

=0

10 , 01 j sing · bea h= i = 0

targeti ~ 10
, 01 eth x= 0 in y

=0 => g
=0

,
e= 0

Homogenicimmo mataj in asbim
F = ax + bxy + cxyz + dya + f xyz

dur Ye Iremove delit be fie memcepral

f + 0 nicer franpade no linearne faltoge
Nor koordinati sis: x=xy = a =a=1

Ostane F = x + bxy + xxy" + y + fxyz = x + y +xy)+

Projekr . x= x

+ (3x + cy+
Man to preslibo o xty + Exyz=8



Dz2: Naj bo 2 meraccepta
bubika z ostio P.

·
evijb + droja trugenta n

laberemo take proj ekr., da
P +- (3: 0 : 17
T +

y
=0

Kakina je enazba brivulge I w movith bordinatal ?

Najprej dehomogenizivamo por t

f =ax + bxy + cy+ dy+xygythxiy
(0 ,02 = j

=0

(olEfing2 = h= i = y

y
= 0 drojna tangenta y

=> e = f=

Homogenisirms Mazaj in dobims : F = ax" + bxy + Cxy2 +dy +gy t

sparim a t8river ylf
y 0 (sice =repade na lin . Justine)

x= x

↳ & xbxy+ Cxy2 + dy3 + gyzz
=8

(+y) = x3+ bxy
+ 3(5) xy + (3)3y3

x =

x+

=Godpade byy x+CDyGy =
O.

Y

x= x

I

->mmm
in bebid do proje

I trojna premica

(y + z)(xy + yz
+ t x) = 0 I

drojna premia



GRUPA KUBIKE

Naj bo 2 merazcepra babiba. Na tej bubiki definiramo operacije +, bi jo
spremewa operage *

~.

Pa

P=Q. Do
de immo P =Q

, potegrems trught
in prestima jer ze zebe

Lastnost
speracije *

· ) P
,Q-RegY => P*Q-Regt
/ PXQ je &*P
·)(p+ al+P = Q

· ((P + P) *R) *S = P *(( ** S) * R) -abimo neh inde he to deterrent

zahteren dokat

Pomni : * mi asoc torj to ni grupa operacija

laberemo na babili I films toob JtRegt 18 = baca bubide e)
Definis operacije

+
ma Regt table :

P + 2= (P+a)* 8
of not oblak

Ta operacija je asociationa &,
(P+2)+R= (((p+Q)+R) + 0) = (((P+a)+0)xR) +0

· + (a+ R)= o +10 +R)+0)

=Ost
asoc .

imamu

- crota in invert
; bomut . Cedi in borut . *

Kaj je easth ? Evota an + je 8

P+ o = (p+ 0) + 0 = P

Kaj jeinvert
P+ (-P) = (P+ (P))*0 =  * 0 =b=

Opomba:Zeberebar Ddruga,dobimdryspecjfMea



P+a= (P + Q) *0

P + 2= (p+ Q)+a

Definisams $ : Regt pee xP
D... Momortisem

Vega D(P + Q) = p(p) + D(Q)

-

USANI : 1 ver
, Studyers eva ,

pee 2 honguil pol
2 pregi/os time

, preson reudet ,
scre In t pragic

3 bubile HNF , blasifikarija Sing wenzpuh,til

s,pe faltor duch plana
e

Singular bubile

1 as duch brausgewin pol
2 Pergi Coroman formal
2 Weierstrasseva forma


